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Classical bremsstrahlung in electron-ion Coulomb scattering in strongly coupled plasmas is investigated
using the classical curved trajectory method. In strongly coupled plasmas, the electron-ion interaction potential
is obtained by the ion-sphere model potential. The modified hyperbolic-orbit trajectory method is applied to
describe the motion of the projectile electron in order to investigate the variation of the differential brems-
strahlung radiation cross section as a function of the impact parameter and ion-sphere radius. The results show
that the scaled doubly differential bremsstrahlung radiation cross sections have minima at the small impact
parameter region for soft photon radiation. For hard photon radiation, the minima disappear. The impact
parameter corresponding to the minimum position of the bremsstrahlung radiation cross section recedes from
the center of the ion core as the ion-sphere radius increases. The radiation cross section is substantially reduced
as the radiation energy increases, especially for the large ion-sphere radius.@S1063-651X~96!12007-9#

PACS number~s!: 52.20.2j, 31.15.Gy, 52.25.Tx

I. INTRODUCTION

Electron-ion Coulomb bremsstrahlung@1–11# has re-
ceived much attention since this process has wide applica-
tions in many areas of physics, such as the modeling of labo-
ratory fusion@7# and astrophysical plasmas@4#, as well as in
basic research in astrophysics@4,6#, atomic physics@1–3,10#,
and plasma physics@5,7–9,11#. Recently, the bremsstrahlung
in collisions of electrons with ions in high-temperature plas-
mas has been of great interest since the continuum brems-
strahlung radiation spectrum can also be used for plasma
diagnostics@7,8#. There have been many investigations for
the bremsstrahlung processes in plasmas using both quantum
mechanical@1,4,5,7,8# and classical@2,3,6,9–11# methods. It
has been known that the classical trajectory method@2,6,9–
11# can visualize the atomic transition probabilities as a
function of the impact parameter. Hence, the classical
straight-line~SL! and hyperbolic-orbit~HO! trajectory meth-
ods @4,12,13# have been widely used to investigate the
electron-ion collisional excitation and bremsstrahlung pro-
cesses. Recently, in strongly coupled plasmas, the brems-
strahlung processes have been investigated using the SL tra-
jectory method@11#. However, in strongly coupled plasmas,
the bremsstrahlung processes have not been investigated us-
ing the curved trajectory method. In dense plasmas, an indi-
vidual electron-ion encounter is influenced by the interac-
tions of the surrounding electrons. The Coulomb interactions
in strongly coupled plasmas cannot be described by the
Debye-Hückel model because of the large plasma coupling
parameter. A description of the strongly coupled plasmas is
provided by the ion-sphere model@15,16#. Astrophysical
dense plasmas are those we find in the interiors, surfaces, and
outer envelopes of astronomical objects, such as neutron
stars, white dwarfs, the Sun, etc. The states of plasmas for
the inertial confinement fusion research are quite similar to
the those of the solar interior. In these circumstances of the

strongly coupled plasmas, the curved trajectory method is
more reasonable to describe the motion of the projectile elec-
tron rather than the straight-line trajectory. Thus, in this pa-
per we investigate the bremsstrahlung processes in strongly
coupled plasmas using the classical modified HO trajectory
method with the ion-sphere model potential. The results
show that the scaled doubly differential bremsstrahlung
radiation~SDDBR! cross sections have minima at the small
impact parameter region for soft photon radiation. These
minima have not been found using the straight-line trajectory
method@2,6,9#. For hard photon radiation, the minima disap-
peared. The impact parameter corresponding to the minimum
position of the bremsstrahlung radiation cross section re-
cedes from the center of the ion core as the ion-sphere radius
increases. The radiation cross section is substantially reduced
as the radiation energy increases, especially, for the large
ion-sphere radius.

In Sec. II, we derive the classical expression of the brems-
strahlung cross section in Coulomb scattering of nonrelativ-
istic electrons with ions in strongly coupled plasmas de-
scribed by the ion-sphere model potential using the HO
trajectory method. Here, we introduce the modification on
the impact parameter. In Sec. III, we obtain the scaled dou-
bly differential bremsstrahlung radiation cross section as a
function of the impact parameter and ion-sphere radius. We
also investigate the variation of the bremsstrahlung radiation
cross section with a change of the impact parameter, ion-
sphere radius, and radiation photon energy. Finally, in Sec.
IV, a summary and discussion are given.

II. CLASSICAL BREMSSTRAHLUNG CROSS SECTION

The classical expression of the bremsstrahlung cross sec-
tion @2# is given by
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dsb52pE db b dwv~b!, ~1!

whereb is the impact parameter anddwv is the differential
probability of emitting a photon of frequency withindv
when an electron projectile changes its velocity in a collision
with a static target system. For all impact parameters, the
differential probabilitydwv is obtained by the Larmor for-
mula @3# for the emission spectrum of a nonrelativistic accel-
erated electron,

dwv5
8pe2

3\c3
uavu2

dv

v
, ~2!

whereav is the Fourier coefficient of the acceleration of the
projectile electrona(t) of the time variablet,

av5
1

2p E
2`

`

dt eivta~ t !. ~3!

To computeav we can set up coordinate axes so that the
electron orbit is in thex-y plane; then

uavu25
1

m
~ uFxvu21uFyvu2!, ~4!

whereFxv andFyv are thex andy components of the Fou-
rier coefficients of the Coulomb forceF(t) between the pro-
jectile electron and the target system:

Fmv5
1

2p E
2`

`

dt eivtFm~ t ! ~m5x,y!. ~5!

In strongly coupled plasmas the Coulomb interaction poten-
tial between the projectile electron and the target ion with
chargeZ can be represented by the ion-sphere model@15,16#,

V~r !52
Ze2

r F12
r

2RZ
S 32

r 2

RZ
2D Gu~RZ2r !, ~6!

wherer is the position vector of the projectile electron from
the center of the target ion andu(z) ~51 if z>0;50 if z,0!
is the step function. This ion-sphere model is expected to be
reasonable for low temperature and high density; i.e., where
ions are frozen into a lattice. Presumably, at high tempera-
ture and density, when the potential energy is large com-
pared to the kinetic energy, the model is also reasonable.
HereRZ is the ion-sphere radius~or called the Wigner-Seitz
radius! and is given by the plasma electron densityne ,

RZ5S 3Z

4pne
D 1/3, ~7!

since the total charge within the sphere is neutral. We now
neglect electron-electron interactions altogether due to the
cancellation of their radiation fields@2#. Then, the corre-
sponding force is given by

F~r !52Ze2r S 1r 32 1

RZ
3D u~RZ2r !. ~8!

For an electron projectile, the convenient parametric rep-
resentation@12,13# of the HO trajectory forr (t) in x-y plane
is

x5d~e221!1/2sinhw,

y5d~2coshw1e!,

r ~ t ![ur ~ t !u5d~e coshw21!,

t5
d

v
~e sinhw2w!, 2`,w,`, ~9!

whered, e~511b2/d2!1/2, andv are half of the distance of
closest approach in a head-on collision, the eccentricity, and
the initial velocity of the projectile electron, respectively.
Including the plasma-screening effects, the parameterd is
obtained by a simple perturbational calculation with the ion-
sphere potential@Eq. ~6!#:

d5S 1d0 1
3

2RZ
D 21

, ~10!

whered0[Ze2/mv2, sinced/RZ,1. After some straightfor-
ward manipulation, the Fourier coefficients of the force are
found to be

Fmv52
Ze2

p v̄aZ
2 F̄mv , ~m5x,y!, ~11!

whereaZ(5a0/Z) is the first Bohr radius of hydrogenic ion
with nuclear chargeZ andv̄[v/aZ . The Fourier coefficients
F̄ xv and F̄yv are, respectively,

F̄xv5 1
2 E

2wZ

wZ
dwF 1

d̄~e coshw21!2
2
d̄2~e coshw21!

R̄Z
3 G

3~e221!1/2 sinhweig~e sinhw2w!, ~12!

F̄yv5 1
2 E

2wZ

wZ
dwF 1

d̄~e coshw21!2
2
d̄2~e coshw21!

R̄Z
3 G

3~2coshw1e!eig~e sinhw2w!, ~13!

whered̄[d/aZ , R̄Z[RZ/aZ , andg[vd/v. Here, the upper
bound of the integralwZ has been obtained by the interaction
range (r<RZ) of the ion-sphere potential@Eq. ~6!# and r (t)
in Eq. ~9!:
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where d̄0[d0/aZ . We now discuss the modification on the
impact parameter. From Eq.~14!, the upper bound ofb̄ is

found to be greater thanR̄Z . However, this is physically
unreasonable since the interaction potential vanishes for
r.RZ . Hence, the trajectory of the projectile electron forb̄
.R̄Z would be a SL one. The modified HO trajectory would
be then the HO trajectory foruwu<wZ and the SL trajectory
for uwu.wZ . Here wZ can be obtained by Eq.~9!,
RZ5d~e coshwZ21!. From Eq.~9!, the tangent at the point
„xZ[[x(wZ)],yZ[[y(wZ)] … becomes

y52
tanhwZ

~e221!1/2
x1d~2coshwZ1e!1d sinhwZtanhwZ .

~15!

The modified impact parameterb8 can be obtained by the
perpendicular distance from the origin to this tangent,

b85
d~e221!1/2coshwZ~2coshwZ1e!1d~e221!1/2sinh2wZ

@sinh2wZ1~e221!cosh2wZ#1/2
~16a!

5d~e221!1/2S e coshwZ21

e coshwZ11D
1/2

. ~16b!

After some algebra, the relationship between the general
scaled impact parameterb̄([b/aZ) and the modified scaled
impact parameterb8([b8/aZ) becomes

b̄5b8S Ẽ1
7

2R̄Z

Ẽ1
3

2R̄Z

D 1/2

, ~17!

whereẼ([mv2/2Z2Ry! is the scaled energy of the projectile
electron. Then, in the nonrelativistic limit the classical
bremsstrahlung cross section can be obtained by Eqs.~1!,
~12!, and~17!;

dsb5
16

3

aa0
2

Ẽ

dv

v
E
b̄min8

b̄max8
b8 db̄8~ uF̄xvu21uF̄yvu2!, ~18!

wherea~5e2/\c' 1
137! is the fine structure constant. Here,

the modified minimum scaled impact parameterb̄min8 corre-
sponds to the closest distance of approach at which the ion-
sphere potential energy of interaction is equal to the maxi-
mum possible energy transfer,

2mv25
Ze2

b8 F12
b8

2RZ
S 32

b82

RZ
2 D G . ~19!

Then, it is found thatb̄min8 >(2Ẽ13/2R̄Z)
21. The modified

maximum scaled impact parameterb̄max8 is determined by
Eqs.~7! and ~14!; b̄max8 5R̄Z .

III. BREMSSTRAHLUNG RADIATION CROSS SECTION

The differential bremsstrahlung radiation cross section@3#
is defined by

dxb

d«
[

dsb

\dv
\v ~20a!

5
16

3

aa0
2

E E
b̄min8

R̄Z b8 db̄8~ uF̄xvu21uF̄yvu2!, ~20b!

where«~[\v! is the energy of the radiation photon. In the
nonrelativistic limit, the parameterg can be expressed as

g5
ẽ

2AẼS Ẽ1
3

2R̄Z
D , ~21!

where «̃~[\v/Z2Ry! is the scaled energy of the radiation
photon. Then the scaled doubly-differential bremsstrahlung
radiation ~SDDBR! cross section obtained by the modified
HO trajectory, i.e., the differential bremsstrahlung radiation
cross section per unit scaled impact parameter, becomes
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3
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2
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3
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D
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2
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S Ẽ1
3
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D 2R̄Z

3 G expF i
«̃@~11b̃82!1/2sinhw2w#

2AẼS Ẽ1
3

2R̄Z
D GU 2J , ~22!

where the modified intervalwZ is given by

wZ5 lnH S Ẽ1
5

2R̄Z
D R̄Z

~11b̃82!1/2
1F S Ẽ1

5

2R̄Z
D 2R̄Z

2

~11b̃82!
21G 1/2J ,

~23!

with b̃8[@(Ẽ13/2R̄Z)(Ẽ17/2R̄Z)#
1/2b8. The dependence of

the SDDBR cross section on the plasma-screening effects
has been explicitly indicated through the scaled ion-sphere
radiusR̄Z . This SDDBR cross section is dimensionless since
all physical parameters are normalized.

In order to investigate the plasma-screening effects, we
consider the three cases of the ion-sphere radius:R̄Z510,
20, and 40. We also consider the two cases of the ratio of the
radiation photon energy to the projectile electron
energy: «̃/Ẽ(5«/E)50.1 ~the soft radiation photon! and
0.5 ~the hard radiation photon!. Here, we choose thatẼ50.2,
i.e., E50.2Z2Ry, since the classical trajectory method is
known to be reliable for low-energy projectiles (v,Zac)
@2#. Table I shows the numerical values of the SDDBR cross
sections atb855R̄Z/3 for the three cases of the ion-sphere
radius: R̄Z510, 20, and 40 whenẼ50.2. The SDDBR
cross sections are substantially decreased with increasing the
radiation photon energy, especially for the large ion-sphere
radius ~e.g.,>0.8% for R̄Z510, >16.5% for R̄Z520, and
>79.3% forR̄Z540!. However, for the small ion-sphere ra-
dius, the SDDBR cross sections are almost unchanged with
varying the radiation photon energy. The SDDBR cross sec-
tions are illustrated in Fig. 1, where the full curve is that
for «̃/Ẽ50.1 and the dotted curve that for«̃/Ẽ50.5. The
radiation cross sections are terminated at the corresponding
ion-sphere radii sinceb8<R̄Z . As we can see in Fig. 1, the
SDDBR cross sections have minima at small-impact param-
eter region for soft photon radiation. For hard photon radia-

tion, the minima have been disappeared. The minimum po-
sition of the SDDBR cross section recedes from the center of
the ion core as the ion-sphere radius increases. Since the
SDDBR cross section corresponds to the differential radia-
tion probability, the minimum represents the minimum prob-
ability. The SL trajectory method can be obtained by chang-
ing the parameters asx5vt and y5b8 in Eq. ~9!. We can
also verify that

S d2xb

d«̃ db8D
SL

5 lim
d̄→0
g→0

« d̄→b8

S d2xb

d«̃ db8D
HO

. ~24!

Figure 2 shows the SDDBR cross sections obtained by the
SL trajectory method. The SDDBR cross sections are sub-
stantially decreased with increasing the radiation photon en-
ergy, especially at the large ion-sphere radius~R̄Z540!. For
small-impact parameters the SL trajectory method is not
quite reliable since the SL method is the classical analog of
the Born approximation@17#. As we see in Figs. 1 and 2, the
SDDBR cross sections obtained by the modified HO trajec-

TABLE I. Numerical values of the scaled doubly differential
bremsstrahlung radiation cross sections obtained by the modified
HO trajectory method@Eq. ~22!# at b̄855R̄Z/3 for the three cases of
the ion-sphere radius:R̄Z510, 20, and 40 whenẼ50.2.

«̃/Ẽ

Sd2xb~b̄855R̄Z/3!

d«̃ db̄8
D
HO
Ypa0

2

R̄Z510 R̄Z520 R̄Z540

0.1 1.380331026 1.994031026 3.220631026

0.5 1.368831026 1.665531026 6.663431027
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tory method and by the SL trajectory method are quite dif-
ferent. The minimum phenomena cannot be found in the SL
trajectory method@11#. Because of the strong Coulomb ef-
fects within the ion-sphere (b8<RZ), the modified HO
curved trajectory method is more reliable than the SL trajec-
tory method in the classical approximation.

IV. SUMMARY AND DISCUSSIONS

We investigate the plasma-screening effects for the
bremsstrahlung in electron-ion Coulomb scattering in-
strongly coupled plasmas using the classical hyperbolic-orbit
trajectory method. In strongly coupled plasmas the electron-
ion interaction potential is obtained by the ion-sphere model
potential. The hyperbolic-orbit trajectory method is applied
to describe the motion of the projectile electron in order to

investigate the variation of the scaled doubly differential
bremsstrahlung radiation cross section as a function of the
impact parameter and ion-sphere radius. The results show
that the scaled doubly differential bremsstrahlung radiation
cross sections have minima at the small impact parameter
region for soft photon radiations. These minima have not
been found using the straight-line trajectory method. For
hard photon radiations, the minima disappeared. The impact
parameter corresponding to the minimum position of the ra-
diation cross section recedes from the center of the ion core
as the ion-sphere radius increases. The radiation cross sec-
tion is substantially reduced as the radiation photon energy
increases, especially, for the large ion-sphere radius. These
results provide a general description of the classical brems-
strahlung processes in electron-ion Coulomb scattering in
strongly coupled plasmas.

FIG. 2. The scaled doubly dif-
ferential bremsstrahlung radiation
cross sections obtained by the SL
trajectory method for the three
cases of the ion-sphere
radius: R̄Z510, 20, and 40 when

Ẽ50.2. Thefull curve represents
Eq. ~24! for «̃/Ẽ50.1. The dotted
curve represents Eq.~24! for

«̃ /Ẽ50.5.

FIG. 1. The scaled doubly dif-
ferential bremsstrahlung radiation
cross sections obtained by the
modified HO trajectory method for
the three cases of the ion-sphere
radius: R̄Z510, 20, and 40 when

Ẽ50.2. Thefull curve represents
Eq. ~22! for «̃/Ẽ50.1. The dotted
curve represents Eq.~22! for

«̃ /Ẽ50.5.
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